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Proof: Any large enough positive integer can be written as a linear combination of any two primes,
with positive integer coefficients.

i.e.. 3Ny > 0,VN > Ny, N = N1 X + X,Y, where Ny, N, are prime numbers and X, Y
belongs to N

Proof 1

By Bézout's identity, we know that

daj,as € N s.t.(a1)Ny + (a)Na =1

We define

{Z1 = maz(N; —1,Ny — 1)
Zy = maz(|ai],|az])

Now, it is obvious that we can choose Ny as following

2
Ny = 712, Z N;
i1

Proof 2

Without Loss Of Generality, Ny > No
N is bigger enough = N = N1 A + B, where A is the quotient and B is the remainder.
And we can write: N = N1(A — zB) + B(N1z + 1)

Now we only need to prove (where z,y € N)

N1{B+ 1 = N2y
A > zB
We know that
Nl.’L' + 1= N2y

< +Nyjx — Ngy =-1
& —Niz + Noy = +1
= (—m)Nl + (y)N2 =+1

The last equation is true because of Bézout's identity.

Then
N = Ny(A — zB) + Ny(By)

To make A > x B, you can simply increase V.
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We can define

{X = A—-2zB

Then

Q2

How to find the smallest Ny?
Answer:

I haven't find a general way to get the smallest Ny, but | already thought up a general way to find
the upper bound of the smallest N.

By Bézout's identity, we know that
dai,a0 € N s.t. (al)Nl + (ag)Nz =1
Ifa; < 0 < as, we can choose Ny = (—a1)(N2 — 1) Ny

Ifa; > 0 > as, we can choose Ny = (—az)(N1 — 1)N,

Q3

For 7 and 13, can you find the the smallest N; ?
Answer:
Yes!
e Weknowthat2 x 7+ (—1) x 13 = +1
e So,VN > 78, N can be expressed intoaj - 7+ ag - 13.
e TT=7x11
e Wealsoknowthat72 =1 x7+5 x 13,5072 ~ 76 can also be writtenasay - 7 + ay - 13.

e 71 can't be expressed into aj - 7 + a2 - 13, you can go through as from 0 to 6 to prove it
(Proof by contradiction).

In summary, 71 is the smallest Nj.
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